We begin with a prior observation by one of us that Thomas precession in the nonrelativistic limit of the Dirac equation may be attributed to a nonabelian Berry vector potential. We ask what object produces the nonabelian potential in parameter space, in the same sense that the abelian vector potential arising in the adiabatic transport of a nondegenerate level is produced by a monopole, (centered at the point where the level becomes degenerate with another), as shown by Berry. We find that it is a meron, an object in four euclidean dimensions with instanton number 
Consider the adiabatic transport of a nondegenerate level of a hermitian hamiltonian around a closed loop in parameter space. If |χ(R) is the instantaneous eigenket of the hamiltonian at a point R in parameter space, Berry showed [1] that (i) the state vector picks up a phase factor due to a vector potential
in addition to the integral of the energy along the circuit and that
(ii) The source of this potential is a quantized magnetic monopole located at a point where the level becomes degenerate with another. In other words, the field tensor F µν derived from A µ is that of a monopole.
The proper mathematical framework for describing Berry's work was established by Simon. [2] It was then pointed out by Wilczek and Zee [3] that if the level being transported has an m-fold degeneracy, the effect of a closed circuit will now be given by U(m) matrix obtained by a path-ordered integral of a nonabelian vector potential. These authors provided many illustrations.
The references mentioned up to this point, along with many others and very useful commentary may be found in the collection edited by Shapere and Wilczek [4] .
The problem of two-fold degenerate levels becoming four-fold degenerate was discussed in its generality by Avron et al [5] , using spin systems as a model. The relation of our work to theirs will be discussed at the end.
Our problem here stems from the observation by one of us [6] that Thomas precession of electron spin in the nonrelativistic limit could be understood as arising due to nonabelian SU(2) Berry potential. The idea is as follows. For the free Dirac equation, the four levels at each momentum break up into two (spin) degenerate pairs with equal and opposite energies. Since there is a large gap separating the positive and negative levels, they will not mix under adiabatic evolution. (In practice the coulomb potential of the nucleus causes the adiabatic evolution). It was then a straightforward matter to compute the vector potential
starting from the degenerate positive energy spinors labeled by a and b and to show that the effect of this potential was to produce the Thomas precession. (It is of course possible to do the same for the negative energy states. Throughout this paper we will focus on just the positive energy states. )
Here we ask and answer the following question: What is the source of this nonabelian potential? We find it is meron, an object with Pontrayagin index equal to
It is not necessary to be familiar with merons to follow this paper since their relevant features will be described later on.
Let us begin with the Dirac hamiltonian
where the three γ's and β are 4 × 4 matrices which anticommute and whose square is unity. Introduce 4 euclidean gamma matrices
obeying
and a four vector
Note that the fourth component of p µ is m and not the energy. Then
We shall use the representation
where
and σ are the Pauli matrices and I is the 2 × 2 identity.
Since
it follows the eigenvalues of H are ± √ p 2 + m 2 = ±p. Since there should be a total of four levels, it follows they come in doubly degenerate pairs. The degeneracy may be traced back to fact that
which is Kramers' degeneracy. The fact that the levels come with equal and opposite energies is due to the fact that
anticommutes with H and is unitary.
Let us now introduce a unitary matrix
in terms of which
and the positive energy eigenvectors are
where χ a and χ b are any two orthonormal two-component spinors. We choose them to be the canonical basis
The nonabelian vector potential is now given by a 2 × 2 matrix
Since χ is a canonical basis vector we can write in compact notation
Note that due to the factor of 1/2, this is not a pure gauge.
Explicit computation shows that
The vector potential has no radial component:
The next step is to compute the field strength
Given eq.(18), it follows that
Although this expression may be evaluated in a straightforward but tedious manner, it is instructive to employ some tricks analogous to the ones used by Berry in the abelian case.
Let us first introduce some conventions. The kets |a , |b , |c will stand for positive energy eigenvectors while |A , |B , |C will stand for negative energy eigenvectors. We need two lemmas:
Lemma 1:
proven by taking the derivative of a|H|B = 0 and using ∂a|B = − a|∂B .
Lemma 2:
proven by taking the derivative of a|H|b = 0 for the case a = b.
Now we have
where in the last line we note that the intermediate states are restricted to those of negative energy. We now invoke Lemma 1 to write
We now argue that we can enlarge the set of intermediate states to include the positive energy states well. First let a = b. Then no matter which state c we introduce, it will be unequal to either a or b, and the term will vanish by Lemma 2. Finally if a = b, then the contribution from c will vanish if c = a thanks to Lemma 2 and by
We can now use completeness to reach the nice result
where it is understood µ = ν and where
If µ and ν are spatial indices, γ µν is self-dual (same in the upper and lower blocks which are eigenspaces of γ 5 with eigenvalue ±1), and anti-self-dual (of opposite sign in the two blocks) if one of the indices is 0.
Note however that the F µν for our problem is not self-dual or anti-self-dual since it is given by the projection of γ µν into the positive energy subspace. Indeed since γ 5
anticommutes with H, its eigenvectors cannot be also eigenvectors of H.
Using the explicit formulae for the eigenvectors, given by eqs,(15-16) we find that
In the problem of Thomas precession, the particle goes around in a tiny loop (in the nonrelativistic limit) in some plane, say the the x − y plane, at fixed m. The relevant field is the "magnetic field " along the z-axis, given in this limit by
in agreement with Reference 6. (In that paper the vector potential was given in a different gauge due to a different choice of eigenvectors.)
But now that we had the field in all of parameter space (and not just the nonrelativistic region) and we decided to explore some of its properties. We found that
The first equations has a counterpart in Berry's abelian monopole: there the magnetic field is radial, R × B = 0, which can be written as R i F ij = 0. It is possible to choose the vector potential so that it too has no radial component. Likewise in our problem, only the circulation in tangent planes is nonzero.
The second equation tells us that F solves the Euclidean Yang-Mills equations.
It is however not self-dual or anti-self-dual, nor is it required to be, since the corresponding action (the integral of T rF 2 ) is logarithmically divergent.
The last equation, ( which reflects the fact that T r E · B = 0 here) tells us that the instanton density is zero everywhere, except possibly at the origin where the field strength is singular. Indeed one can argue that there must be a delta-function singularity there as follows.
The instanton density Q may written as the divergence of a vector K µ as follows:
(See for example Reference 7 for details and references)
Thus the total instanton number inside any volume can be found by doing the surface integral of K µ . Since K µ must have the form cp µ /p 4 , by dimensional analysis, we can find c by considering a point on the m-axis. It is readily seen that c = 1/4π 2 which
which in turn implies Q = 1/2 as per eq.(39).
At this point it became clear that the field was that of a meron. The meron was first discovered as a solution to Yang-Mills equations by De Alfaro et al [8] with instanton number 1/2 and invoked by Callan et al [9] as a configuration that could enter the functional integral for the Yang-Mills field and explain confinement by producing the area law decay for the Wilson loop. We paraphrase their description of the relation between the meron and the instanton, which we found very enlightening.
We will however do it in terms of the two-dimensional instanton which arises in the O(3) sigma model since it is easier to visualize. Consider the instanton of unit size which is obtained by placing a sphere of unit diameter on top of the plane and doing a stereographic projection and assigning to each point on the plane the unit vector associated with its inverse image: thus the origin gets assigned the south pole, the unit vector slowly starts rotating upwards as we move out and the equator gets mapped into a unit circle . As we move along this circle, the field lies in the plane and is radial. As we move further out, the field tilts up even more and finally at infinity, points upwards. If we measure the instanton number enclosed within any circle, it will grow from zero to a half by the time we reach the unit circle, and reach unity by the time we integrate out to infinity. Now we deform the map as follows. First we scale down the region inside the unit circle, which carries the lower hemisphere, to a circle of radius r < 1; push the region outside the unit circle (which carries the upper hemisphere) to outside a radius R > 1 and assign to the entire annulus r < 1 < R, the radial equatorial field. The instanton density reaches the value 1/2 at r, stays fixed out to R (since the entire annulus maps back to just the equator) and starts growing to unity as we go past R to infinity. If we now let r → 0 and R → ∞ we get the meron. It will look just like the vortex of the x-y model, have a logarithmically large action, (ln R/r) and carry no instanton density except at the origin. Our meron is related to the four dimensional instanton in just the same way:
one takes the instanton, squeezes the region with half the winding number into the origin, sends the other half out to infinity and fills all of space with a configuration that has zero T r FF .
We now relate our work to the general analysis of Avron et al of hamiltonians
with Kramers degeneracy, brought to our notice as this work was nearing completion. Returning to our problem, we must begin with H = p µ γ µ = p in five dimensions, find its eigenvectors and define A µ = χ|∂ µ χ and find the ten component field strength F µν . The result will be just as in eq. (31) (thanks to the lemmas) • F is is self -dual or anti-self-dual depending on the sign of the energy.
Since all points on the sphere are equal by symmetry, let us go to one with just M = 1, rest equal to zero. Nowp λ ε λµναβ becomes just ε µναβ , the six nonzero components of RS acknowledges some wonderful discussions with Greg Moore. This report was supported by an NSF Grant DMR 9120525.
